Abstract. For a group G, let .G/ be the commuting conjugacy class graph of G associated with the non-central conjugacy classes of G in such a way that the vertices of .G/ are the non-central conjugacy classes of G, and two distinct vertices C and D are adjacent when xy D yx for some x 2 C and y 2 D. We shall classify all finite groups such that .G/ are triangle-free.
Introduction
There are many ways a graph is associated with conjugacy classes of a group. In 2009, Herzog, Longobardi and Maj [4] introduced the commuting conjugacy class graph .G/ of G associated with the non-central conjugacy classes of G. The vertices of .G/ are the non-central conjugacy classes of G and two distinct vertices C and D are adjacent whenever there exist two elements x 2 C and y 2 D such that xy D yx. They prove, in particular, that for non-abelian periodic groups G, .G/ is an empty graph if and only if G is isomorphic to one of the groups S 3 , D 8 or Q 8 .
The aim of this paper is to classify all finite groups G with a triangle-free commuting conjugacy class graph. Hence, in what follows, G stands for a finite group such that .G/ is triangle-free. A conjugacy class of G with representative x is denoted by x G . Let .G/ denote the set of primes dividing the order of G. If p 2 .G/, then O p .G/ is the largest normal p-subgroup of G. For convenience, we let Z be the center of G. Also, Z i denotes the i th center of G for all i 1. The class of a nilpotent group is denoted by c.G/. To ease notation, the nth group of order m in the GAP small groups library will be denoted by SmallGroup.m; n/ (see [10, Section 50.7] ).
Groups of odd order
In this section, we shall obtain the structure of G when G has odd order. The following lemma will be used frequently in the proofs of other results. (1) jxj has at most two distinct prime divisors for all x 2 G n Z, (2) the orders of non-trivial elements of G=Z are either primes or squares of primes.
Proof.
(1) Suppose on the contrary that there exists an element x 2 G n Z such that jxj D p˛qˇr for some distinct primes p; q and r. As x … Z, we may assume without loss of generality that x p˛; x qˇ… Z. Then the vertices x G , .x p˛/G and .x qˇ/G give rise to a triangle, which is a contradiction.
(2) Let xZ 2 G=Z. If jxZj D p˛qˇfor some distinct primes p and q, then x; x p˛; x qˇ… Z, and the vertices x G ; .x p˛/G ; .x qˇ/G induce a triangle, a contradiction. Hence, the elements of G=Z have prime power orders. If jxZj D p k (with k 3), then the three vertices x G , .x p / G and .x p 2 / G induce a triangle, again a contradiction.
Lemma 2.2. Suppose that jGj is odd. Then the non-trivial elements of G=Z have prime orders. Moreover, either Z D 1, or G is a 3-group and exp.G=Z/ D 3.
Proof. Assume xZ 2 G=Z. Then, by Lemma 2.1 (2), jxZj D p or p 2 for some prime p. First suppose that jxZj D p 2 . Since x; x 1 ; x p … Z and x G ¤ .x 1 / G (G has odd order), the vertices x G ; .x 1 / G and .x p / G induce a triangle, which is a contradiction. Hence jxZj D p and the first part of the result follows.
To prove the second part, suppose that Z ¤ 1. Let z 2 Z be an element of prime order p. We claim that G is a p-group. If not, there exists an element x 2 G n Z which is not a p-element. If p − jxj, then the vertices x G ; .x 1 / G and .xz/ G give us a triangle unless xz D x˙g for some g 2 G, which is impossible for then we must have that jxj D jxzj is divisible by p. If p j jxj, then jxj D kp˛, where p − k. Let y 2 ¹x k ; x p˛º n Z. Then, the vertices x G ; .x 1 / G and y G give rise to a triangle, which is a contradiction. Therefore G is a p-group. Now suppose that M is a maximal subgroup of G containing Z and let
Then hx; Zi is an abelian normal subgroup of G, from which it follows that
Hence, jhx; Zij D jZj C 2jx G j and one gets easily that p D 3. Let jxZj > 3; then x G , .x 1 / G and .x 3 / G form a triangle in .G/, a contradiction. Therefore, we have jxZj D 3 so that exp.G=Z/ D 3. 
, which implies that jGj D 3 2nC1 and jZj D 3 n for some n. As jC G .x/j > jZj D 3 n for any noncentral element x, we have jx G j Ä 3 n and consequently x G D xZ for xZ Â x G . It follows that G has class 2 and C G .x/ D hxiZ for all x 2 G n Z. Therefore, by [3, Satz 1], n Ä 1 2 n C 1 and n D 1, i.e. jGj D 27. Now, suppose that Z D 1. We show that jGj D 21. Since G is a solvable group and .G/ is the union of disjoint edges of the form ¹x G ; .x 1 / G º, it follows from [4, Theorem 10] that .G/ is a union of at most two disjoint edges, namely
If .G/ is the edge ¹x G ; . 
Clearly, jx G j ¤ jy G j, which implies by [5] that jGj D 21.
Groups of even order
In this section, we shall classify those groups G whose orders are even. We begin this section with some useful lemmas.
Preliminary results
Lemma 3.1. If G has a normal 2-subgroup N containing Z ¤ 1 and x 2 G is an element of odd prime order, then the following hold:
(1) If every non-trivial element of G=N has prime order or 4, then jxj 2 ¹3; 5º.
(2) If every non-trivial element of G=N has prime order, then jxj D 3.
(1) Suppose on the contrary that jxj … ¹3; 5º. Then jxN j … ¹2; 3; 4; 5º. If x G ¤ .x 1 / G and z 2 Z, then the vertices x G , .x 1 / G and .xz/ G induce a triangle, which is a contradiction. Thus x G D .x 1 / G and a similar argument yields
Put jbN j D m and jabN j D n. Clearly, n ¤ 2 for otherwise .ab/ 2 N 2 C G=N .xN / so that x .ab/ 2 N D xN and jxN j D 3, a contradiction. A similar argument shows that n ¤ 4, as well. Thus n is an odd prime. But .ab/ 2m N 2 C G=N .xN / and .ab/ n N 2 C G=N .xN /, so n must divide 2m. As n is an odd prime number and m is a prime number or 4, it follows that m D n. Hence .ab/ m N 2 C G=N .xN /, which implies that jxN j D 2, a contradiction.
(2) It is similar to (1). 
Proof. Assume Z ¤ 1. If the elements of G have prime power orders, then G is a p-group. Since jGj is even, it follows that G is a 2-group, which is a contradiction. Therefore, G has a non-central element x whose order is not a prime power. If there exists z 2 Z which is not of prime power order, then by Lemma 2.1,
for some odd prime p. Let Q be a Sylow 2-subgroup of G and suppose there exists y 2 Q n Z. Then there exists a central element z 0 of order p such that the vertices y G , .yz 0 / G and .yz 0 1 / G induce a triangle, which is a contradiction. Thus Q Ä Z and so G is nilpotent. Hence G D P Q, where P is a Sylow p-subgroup of G. Let xZ.P / 2 P =Z.P / \ Z.G=P /. Then hx; Z.P /i is a normal abelian subgroup of G. Since .G/ is triangle-free and jP j is odd, one gets
for some x 2 G. Then there exists a central element z 00 of order 2 such that the vertices x G , .x 1 / G and .xz 00 / G induce a triangle, a contradiction. Hence, every element of Z has prime power order. Since jGj is even, by Lemma 3.2, Z is a 2-group. If Z contains an element of order 4, say z, then the vertices y G , .yz/ G and .yz 1 / G form a triangle, where y 2 G n Z is an element of order p, which is a contradiction. Thus Z is an elementary abelian 2-group. But then y G , .yz 1 / G and .yz 2 / G induce a triangle for all distinct involutions z 1 ; z 2 2 Z unless jZj D 2. The proof is complete.
Non-2-groups
To classify groups G with even order, we use the structure of CIT-groups. Recall that a finite group of even order is a CIT-group if the centralizers of its involutions are 2-groups. We first consider groups with a non-trivial center.
Theorem 3.4. Suppose G is a group of even order which is not a 2-group.
.xz/ G º induces a triangle, which is a contradiction. Hence, jG=Zj is even.
Since the orders of non-trivial elements of G=Z are primes or 4, by a result of Brandl (see [2] ) and Lemma 3.1, G=Z is a soluble group. Moreover, G=Z is a non-nilpotent group for every element of G=Z has prime power order. Hence, by using [2] , jGj D 2 m p n , for some odd prime p. Now we consider two cases.
Case 1: G=Z has a normal subgroup of odd order. Since G=Z is a CIT-group, G=Z D PZ=Z Ì H=Z is a Frobenius group, where PZ=Z is a normal abelian Sylow p-subgroup of G=Z (see [9, Part II, Theorem 1]). Clearly, P E G and by assumption P D ¹1º [ x G for some x 2 P . Now since H=Z is the Frobenius complement of G=Z, it follows that H=Z is cyclic or a generalized quaternion group. Hence jH=Zj Ä 8 for exp.H=Z/ Ä 4.
Case 2: G=Z has no normal subgroups of odd order. Let P be a Sylow p-subgroup of G. Since P Z=Z acts fixed-point-freely on N=Z D O 2 .G=Z/, by [8, Theorem 10.5.5], jGj D 2 m p. First suppose that jG=N j is odd and let x 2 G be an element of order p. By Lemma 3.1 (2), we have p D 3 and so jxN j D 3. Since x; x 1 … N and Z Š Z 2 , there exists y 2 G such that x y D x 1 for otherwise ¹x G ; .x 1 / G ; .xz/ G º induces a triangle. Thus x D OEx; y 2 G 0 Â N , which is a contradiction. Therefore, jG=N j is even and by Lemma 3.1 (1), p D 3 or 5.
If p D 3, then every non-trivial element of G=Z has order at most 4. Then, by [7, Theorem 1] , N=Z is a normal elementary abelian 2-subgroup of G=Z and
Since N=Z is elementary abelian, it follows that N 0 D Z.N / so that N is an extra-special 2-group. Let jN j D 2 2nC1 and let A be an abelian subgroup of N of order 2 nC1 . Since jx G j j 12 for all x 2 N n Z, we must have jA n Zj=12 Ä 2. Hence jAj Ä 16 so that jGj j 768 and a simple verification with GAP shows that there are no such groups.
Finally, assume that Z.N / Z. Since Z.N / E G and .G/ is triangle-free, we have Z.N / D Z [ x G for some x 2 G, which implies that jx G j D 6 (for G=N Š S 3 ) and jZ.N /j D 8. Since all elements in Z.N / n Z have the same order, it follows that Z.N / is elementary abelian. Now, consider the action of G=N Š S 3 on Z.N /. Since C G .x/ is a 2-group, the Sylow 3-subgroup of G=N does not act trivially on Z.N /. In what follows, the structure of the groups G is determined for the case when G is a centerless group. Using the same argument as in case (1), it follows that G=N Š PSL.2; 4/. Since N is an abelian normal subgroup of G, we must have Proof. By [2] and the fact that the order of any non-trivial element of G is a prime or the square of a prime, we have jGj D 2 m p n , for some odd prime p. Now, we consider two cases.
Case 1: G has a normal subgroup of odd order. As G is a soluble CIT-group, by [9, Chapter II, Theorem 1], G D P Ì T is a Frobenius group whose kernel and complement are P and T , respectively. Moreover, P is the abelian Sylow p-subgroup of G and T is a Sylow 2-subgroup of G. By [8, Theorem 10.5.5], T is cyclic or a generalized quaternion group. If jT j D 4, then G=P Š T Š Z 4 and .G/ is not triangle-free. Indeed, if G=P D hxP i, then the three conjugacy classes x G , .x 1 / G and .x 2 / G induce a triangle. Therefore T Š Z 2 or T Š Q 8 .
Since P is a normal abelian subgroup of G, we must have
First suppose that P D ¹1º [ x G . We claim that G is isomorphic to S 3 or SmallGroup.72; 41/. Clearly,
which implies that jGj D 6 and G Š S 3 . Also, if T Š Q 8 , then jP j D 9 and G is isomorphic to the group SmallGroup.72; 41/. Now, assume that (I) G=N has odd order. Let g 2 G be an element of order p. If p > 3, then (II) G=N has even order. Since G=N is a solvable CIT-group, by [9, Theorem 1], G=N D K=N Ì H=N is a Frobenius group such that its kernel K=N is the abelian Sylow p-subgroup and its complement H=N is a Sylow 2-subgroup of G=N . As before, H=N is either a cyclic group or a generalized quaternion group, which implies that jH=N j Ä 8. As in the first paragraph of Case 1 either H=N Š Z 2 or H=N Š Q 8 . Assume k D 2 and let x 2 G be an element of order p 2 .
Hence, k D 1. First assume that N is abelian. We show that G Š S 4 . To get this, we consider two cases.
(i) H=N Š Z 2 . Then we have that jG=N j D 2p. Let x 2 K n N . Since jx G j divides jGj, we must have jx G j D 2jN j, from which it follows that 
Let P be a Sylow 3-subgroup of K. Since every element of P acts fixed-point-freely on N , it follows that K D N Ì P is a Frobenius group with complement P so that G has four Sylow 3-subgroups. Consider the natural action of G by conjugation on its Sylow 3-subgroups and let g be an element in its kernel. If g ¤ 1, then g is a 2-element and we may assume that g 2 H n N . Since P ng D P n , it follows that x ng D x n for all n 2 N . But then x ng D x g n , which implies that ng D gn and hence H is abelian. Since .G/ is triangle-free, we must have H n N Â g G , which is impossible as jg G j D 3. Hence G acts faithfully on its Sylow 3-subgroups. Since jGj D 24, we conclude that G Š S 4 .
(
A simple verification shows that N n ¹1º must have at least three conjugacy classes resulting in a triangle, which is a contradiction.
Finally, assume that N is non-abelian. Since .G/ is triangle-free, it follows that
and G=N Š S 3 . By using the same argument as in Case (I), one can show that
and N=Z.N / is an elementary abelian 2-group of order Ä 16, that is, jN j D 16; 32 or 64. Clearly, Z.H / Â Z.N / and H=Z.N / is an elementary abelian 2-group too. If g 2 H n N , then C N .g/ Â Z.N / for otherwise ¹a G ; n G ; g G º gives rise to a triangle for all n 2 C N .g/ n Z.N /. Hence, jC H .g/j Ä 8 and consequently 
2-groups
In what follows, we complete our results by describing the 2-groups G. More precisely, we show Theorem 3.7. If G is a finite non-abelian 2-group, thenˆ.G/ Ä Z and we have
Proof. Let A be a maximal abelian normal subgroup of G. If A 6 Ä Z 3 , then for three elements a; b; c 2 A with a 2 Z 4 n Z 3 , b 2 Z 3 n Z 2 and c 2 Z 2 n Z, the vertices a G ; b G ; c G form a triangle in .G/. Thus A Ä Z 3 which implies that either c.G/ D 2, or 3 .G/ Ä A and 3 Ä c.G/ Ä 5. Let i 2 and consider an element a of . Observe thatˆ.G/ Ä OEH; xA because ofˆ.H / Ä A and x 2 2 OEH; x. We may therefore select a maximal subgroup W of C with the properties that A Ä W and that V D W OEH; x is a maximal subgroup of H WD V hyi. Let w 2 W n A. Then OEv; xw … Z and OEu; xw D OEu; yOEu; w ¤ 1. Since these were the two properties initially required of the element x, we may replace x by xw throughout and obtain that .xw/ 2 … A and .xw/ 4 2 Z. Now x 4 2 Z and w 4 2ˆ.A/ Ä Z. Moreover, we have seen that OEw; x; x 2 B. This yields OEw; x; x; x 2 Z, while by the Hall-Witt identity, we get OEx; w; w; x Á OEw; x; OEx; wOEw; x; x; w Á OEw; x; x; w Á 1 .mod Z/:
Since also OEw; x; w; w 2 OEA; w Ä Z, we find that 4 .hx; wi/ Ä Z. Applying the Hall-Petrescu formula, we obtain that .xw/ 4 Á OEx; w 2 .mod Z/. Now the map w 7 ! OEx; w (w 2 W ) induces a homomorphism W ! OEW; xA=A, whence the fact that OEx; w 2 2 Z for all w 2 W yields that every coset of A=Z in OEW; xA=Z contains an element of order at most 2. Sinceˆ.A/OEH; A Ä Z, this in turn yields thatˆ.OEW; x/ Ä Z.
Letting w 2 W n A as before, we also have
OEu; x 2 w D OEu; w ¤ OEu; x D OEv; x 2 D OEv; x 2 w:
Thus .x 2 w/ 2 2 C A .x 2 w/ D Z. This yields that 1 Á x 4 w 2 OEw; x 2 OEw; x; x Á w 2 OEw; x; x .mod Z/:
Now w 2 C n A and w 2 2 C A .w/ D hv; Zi. Since OEw; x; x 2 B, it follows that w 2 2 Z 3 OEw; x; x. We have seen that OEw; x 2 2 Z 3 OEw; x; x, whence .x 2 / W Â x 2 Z. Accordingly, OEW; x; x 2 D OEW; x 2 ; x D 1. So H D hy; x 2 iW OEW; x and .x 2 / y D x 2 2 x 2 Z. Thus .x 2 / H Â x 2 Z, which implies that .x 2 / G Â x 2 Z (since G D H hxi). However, this means that x 2 u … .x 2 / G and there is a triangle in .G/ formed by the vertices .x 2 / G , .x 2 u/ G , and u G .
We have seen that c.G/ D 2 and, for any x 2 G nZ, we have x 2 2 Z and hx; Zi is a maximal normal abelian subgroup of G, in other words, C G .x/ D hx; Zi whenever x 2 G n Z. For any such x, xZ is the union of at most two conjugacy classes and either 2OEG W Z D 2jZj and G is semi-extraspecial or OEG W Z D jZj. In the first case, [3, Satz 1] yields that G is extraspecial of order 8.
We conclude the paper by exhibiting examples of 2-groups satisfying the conclusion of Theorem 3.7. It is clear that the groups D 8 and Q 8 have triangle-free commuting class graphs. Let G be a finite 2-group of class 2 with jG=Zj D jZj which has the properties claimed in Theorem 3.7. Then, for any element x 2 GnZ, C G .x/ D hx; Zi contains two conjugacy classes of non-central elements. Thus .G/ is indeed triangle-free.
Let n 2. Let # denote the Frobenius automorphism a 7 ! a 2 of GF.2 n /. The groups A.n; #/ D ¹u.a; b/ W a; b 2 GF.2 n /º (see [6, 
